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ON HARMONIC FUNCTIONS IN TWO DIMENSIONS. 

By Maxime B6ch:er. 

Presented January 10, 1906. Received January 9, 1906. 

A function u (x, y) is said to be harmonic throughout a certain region 
T of the x, y-plane if 1) it is analytic there, and 2) it satisfies Laplace's 
equation. It is well known that the first of these requirements may be 
replaced by the apparently much less restrictive one that the function u 
be continuous and have continuous first and second partial derivatives. 
In fact, it is sufficient to demand even less than the continuity of the 
second partial derivatives ; but some demand beyond the mere existence 
of these derivatives must be made in order that it should be possible to 
apply Green's theorem. 

It is my object in the present note to show how the theory of harmonic 
functions in two dimensions may he established without demanding even 
the existence of the second partial derivatives. This makes it necessary 
for us to take as our point of departure not Laplace's equation, since this 
involves the second partial derivatives whose existence we do not wish 
to demand, but some other characteristic property of harmonic functions. 
We select for this purpose the fundamental property that the integral of 
the normal derivative of a harmonic function, extended around a closed 
curve, is zero, and we thus have as our starting point not a differential 
equation of the second order, but a differentio-integral equation which 
involves only first'partial derivatives.! It is needless to insist on the fact 
that it is this differentio-integral equation and not Laplace's equation 
which forms the starting point in most physical applications of harmonic 
functions. 

We will lay down the following 

Definition : u (x, y) is said to be harmonic throughout a region T of 
the x, j-plane if it is single valued and continuous there, has continuous 
first partial derivatives, and, for any circle which lies wholly within T, 2 
satisfies the equation : 

1 We note in passing that a pure integral equation for harmonic functions is 
given by Poisson's Integral. 

2 That is, all points within the circle or on its circumference are to lie within the 
region T and not on its boundary. 
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<Ae integral being extended around the circle, n denoting the exterior normal 
and s the arc. 

It is clear that this includes all functions which are harmonic according 
to the ordinary definition. It is not so clear that it does not also include 
other functions ; for since we have not demanded even the existence of 
the second derivatives of m, we cannot pass from (1) to Laplace's equa- 
tion by the familiar application of Green's theorem. 

Theorem I. On the circumferences of any two concentric circles 
lying wholly in T the average values of u are the same. 3 

Call the radii of the circles a and b (a < b) and use polar coordinates 
(r, <£) with pole at the centre of the circles. Then by our definition 

|> = (a<r<,b) 



r 



Since 9u/9r is a continuous function of (r, <j>) we may reverse the order 
of integration. Denoting by u a and u b respectively the values of u on 
the smaller and larger circle, we thus get : 



r 



K — «„] d<j> = 0. 



from which our theorem follows at once. 

By allowing a to approach zero as its limit we get 

Theorem II. The average value of u on the circumference of any 
circle lying wholly in T is the value ofuat the centre of this circle. 

This theorem we next state in the following generalized form : 

Theorem III. If u is continuous within and on the circumference 
of a circle C, and is harmonic within it, then the average value of u on 
the circumference of C is its value at the centre of C. 

For the average value of u on the circumference of a circle a little 
smaller than C and concentric with it will, on account of the continuity 

8 The proofs here giren of this theorem and the next were used by the writer 
in a paper on Gauss's Third Proof of the Fundamental Theorem of Algebra. Bull. 
Amer. Math. Soc., May, 1895. 
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of u, approach the average value of u on the circumference of as the 
smaller circle approaches as its limit. From this fact and Theorem 
II our theorem follows. 

Theorem IV. If u is harmonic within T, and the region T is 
carried over by inversion into a region T' ; and if we define a new func- 
tion u' in T' so that it has the same value at every point of T' that u has 
at the corresponding point ofT then u' is harmonic in T'. 

In the first place, inversion being an analytic transformation, «' is 
evidently continuous throughout T' and has continuous first partial 
derivatives there. Now consider any circle C* lying wholly in V, and 
denote by «' the arc and by n' the exterior normal of this circle. If G 
is the circle in T of which C is the inverse and we consider correspond- 
ing points on these two circles, we have, since inversion is a conformal 
transformation, after neglecting infinitesimals of higher order : 

ds 1 ds 

dn' dn ' 
Accordingly 



J>=ji:*=°. 



the first integral being taken around 0", the second around G. This 
completes the proof that u' is harmonic. 

Theorem V. If u is continuous within and on the circumference 
of a circle C, and is harmonic within C, then the value of u at any point 
P within C is given by the integral : 



1 /»9=2ir 

(2) j- u 9 d0, 



where denotes the angle between a fixed and a variable circular arc 
which both start from P and which both cut C at right angles, and u« de- 
notes the value ofuat the point where this variable arc cuts C. 

In order to prove this, let us construct the point Q inverse to P with 
regard to G. If we invert the whole figure with regard to a circle having 
Q as centre, P goes over into a point P 1 , G into a circle G' having P' 
as centre, and the fixed and variable arcs referred to in the theorem go 
over into fixed and variable radii of G' making the variable angle with 
one another. Finally, we define a function u' within and on the circum- 
ference of G' so that it has the same value at every point that u has at 
the corresponding point of G. This function «' will then be continuous 
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within and on the circumference of 0', and by theorem IV is harmonic 
within C. Accordingly its average on the circumference of C, which 
is obviously given by (2), is equal by III to its value at P', that is to the 
value of m at P. Thus our theorem is proved. 

Formula (2) is merely an unfamiliar form of Poisson's Integral. 4 
This may readily be shown by means of the following lemma, whose 
extremely simple proof we suppress: 5 

Lemma; If from a point P within a circle C two arcs are drawn 
orthogonal to C and meeting it at A and A', the angle between these arcs 
is measured by the arc BB' of C intercepted between the straight lines 
AP and A'P produced. 




Applying this to the case in which AA' is the element of arc ds, the 
angle between the two arcs PA and PA' will be d$. Denoting the arc 
BB by ds u and the radius of the circle by R, this lemma tells us that 
ds x = RdO. Accordingly (2) reduces to 



(3) 



— ^ / u, ds u 



the integral being extended around the circle and w, denoting the same 
thing as u r This is the form of Poisson's Integral given by Schwarz 
on p. 360, Vol. 2, of his collected works. 



4 See a Note on Poisson's Integral, by the writer, Bull. Amer. Math. Soc, June, 
1898, where a somewhat different treatment is given. 

6 See a paper by the writer on Fourier's Series in the Annals of Mathematics for 
January, 1906. 
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This form may be still further changed by means of the proportion 
dsi/pi = ds/p, where p x = PB, p = PA. It may thus be written: 



K*S*f' 



Now, pjp = (R — r)(R + r), where r denotes the distance from P to 
tha centre of G. Thus, finally, (2) takes the form : 



<*> 2VbS U ' 



Rt-r* 



which is Poisson's original form. 

Since (R 2 — r 2 ) /p 2 is an analytic function of the coordinates (x, y) of 
P, the same will be true of the whole integral (4), and therefore u(x,y) is 
analytic throughout the interior of the circle C. Moreover, (R 2 — r 2 ) /p 2 
may be seen, by direct differentiation or otherwise, to satisfy Laplace's 
equation. Hence we infer that the same is true of the function u(x, y) 
represented by (4). 

We have been assuming that w is harmonic merely within O. If, 
however, it is harmonic throughout any region T, we can now infer at 
once that it is analytic at any point P of this region, and satisfies 
Laplace's equation there by merely surrounding P by a small circle 
and applying the results just established to this circle. Thus we have 
proved 

Theorem VI. Ifxx (x, y) is harmonic within any region T, it is ana- 
lytic and satisfies Laplace's equation at every point within T. 

We have thus established the identity of the class of functions defined 
above as harmonic with the class ordinarily so defined. 

In conclusion I add the following remarks on the result thus obtained. 

1) In the definition of a harmonic function it is obviously not necessary 
to demand that (1) hold for all circles contained in T. All that is essen- 
tial in the reasoning we have given will apply at once if we start from the 
following definition : 

The function u (x, y) is said to he harmonic at a point (x t , y x ), if it is 
possible to surround this point by a region so small that u is continuous 
and has continuous first partial derivatives there, and for every circle 
contained in this region satisfies equation (1). The function u is said 
to be harmonic throughout a region T if it is harmonic at every point 
of this region. 
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2) From the point of view of the physicist it may be desirable to 
demand in the definition more than was demanded above, namely, that 
(1) hold for all regular 6 closed curves lying within T, not merely for all 
circles. Since it is well known, and readily proved by an application of 
Green's theorem, that (1) is satisfied for all such curves when u is any 
harmonic function, it is clear that thfs will not affect the class of functions 
covered by the definition. Whether included as part of the definition or 
proved as a theorem, the fact just stated enables us to see almost intui- 
tively that a harmonic function remains harmonic when the plane is sub- 
jected to any conformal transformation, the reasoning being the same as 
was used in the proof of theorem IV above. 

3) The introduction of this general idea of conformal transformation 
enables us to extend at once our definition of harmonic functions to the 
case in which T is a region not in the plane but on any analytic curved 
surface.? The definition of a harmonic function on such a curved region 
T would be identical with the one given above for a plane region, if we 
understand the partial derivatives there referred to to mean the derivatives 
along the surface, and if we require that (1) hold for all regular (or even 
analytic) closed curves on T. If now we transform the region T, or any 
part of it, conformally onto the plane, we see at once that the function 
thus defined in the plane is harmonic, and hence the function on the 
curved surface was analytic there. — Here, as before, we may if we 
choose require that (1) be fulfilled only for certain classes of closed 
curves. There seems, in general, no object in doing this. In the case 
of the sphere, however, the developments given above can be carried 
through almost word for word if we restrict our attention to circles. 

4) Finally, it may be mentioned that this method of approaching the 
subject is particularly convenient in connection with the theory of con- 
jugate functions. Two functions u and v are said to be conjugate in a 
plane region T'\i throughout this region they are single valued, continuous, 
and have continuous first partial derivatives and satisfy the equations 

9u 9v 9u 9v 

9x ~ 9y' 9y 9x 

If we knew that u and v had continuous second partial derivatives, we 
could infer at once that they are both harmonic. To establish the con- 

6 A curve is said to be regular if it is continuous, and is made up of a finite 
number of arcs each of which has a continuously turning tangent at every point. 
1 <3f. C. Neumann, Math. Ann., 10, 669 (1876). 
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tinuity of these derivatives, recourse is ordinarily had to the theory of 
functions of a complex variable. Instead of this, we may first deduce 
from the last written differential equations the relation 

9u 9v 
9<r 9t 

where <r is any direction and t the direction which makes a positive right 
angle with a-. From this we infer that 

These integrals will therefore vanish when extended around a closed 
curve, since u and v are both single valued. From this it follows that 
u and v are both harmonic. 
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